Abstract. The nonisothermal single-component theory of droplet nucleation (Alekseechkin, 2014) is extended to binary case; the droplet volume V , composition x , and temperature T are the variables of the theory. An approach based on macroscopic kinetics (in contrast to the standard microscopic model of nucleation operating with the probabilities of monomer attachment and detachment) is developed for the droplet evolution and results in the derived droplet motion equations in the space there is a small kinetic parameter in the theory due to the small amount of the acid in the vapor and, as a consequence, the nucleation process is isothermal.
. Non-ideality also leads to the specific effect revealed in the past [1, 2] by the numerical solution of 2 thermodynamic equations: in a vapor mixture of two substances, e.g. water and sulfuric acid, nucleation arises even at partial pressures of these substances less than their saturation pressures at the given temperature (i.e. when both the substances are "undersaturated" for the formation of droplets of pure components); furthermore, nucleation occurs at an extremely small amount of sulfuric acid in the vapor.
Of course, exact analytical description of this effect is problematic due to the lack of the exact dependence ) (x i µ . However, a qualitative explanation based on the simple model of regular solution can be done, which is demonstrated in the present report.
Systematic theoretical study of binary nucleation starts from the classical work by Reiss [3] , where the single-component kinetic theory by Zeldovich and Frenkel [4, 5] was generalized to the binary case.
The main features of the model used in this paper are as follows. The new phase embryo (the droplet of solution) is described by the numbers 1 N and 2 N of monomers constituting it; the probabilities of attachment and detachment of each kind monomers, is the saddle surface in this space, so that its normal section in the direction of the flux of embryos is the nucleation barrier; the direction itself is chosen by Reiss as the steepest descent one, i.e. it is determined by thermodynamics only. More accurate later studies [6] [7] [8] showed that kinetics also "participates" in the selection of this direction -the diffusivities in kinetic equations deflect the flux of nuclei from the steepest descent, so that the flux direction is self-consistently determined by both thermodynamic and kinetic parameters.
The method of the work [7] was subsequently extended [9] to an arbitrary number of variables } { i X (one of them, 1 X , is unstable) and the following equation for the steady state nucleation rate was obtained: 
The quantity 
where D is the matrix of "diffusivities" in the Fokker-Planck equation for the distribution function of nuclei )
; it is determined in the framework of a statistical mechanical approach [10] [11] [12] .
The microscopic model with the probabilities ) (+ i w and ) (− i w mentioned above seems to be natural in the processes of droplet nucleation; therefore, it has become basic for the works on binary nucleation. In addition, the finite-difference kinetic equations underlying it are convenient for numerical simulations of nucleation [13] [14] . On the other hand, this model also has some shortcomings. First, there exist difficulties with normalizing the equilibrium distribution function ) , ( [9, 15] . The roles of the variables N and x are quite different: N is an unstable variable, whereas x is a stable one. Thus the process of binary nucleation in these variables becomes a process with linked fluxes [16] . Accordingly, normalization of the function ) , ( x N f e with respect to x is performed with the help of the fluctuation theory, whereas the result of the one-dimensional theory is employed for normalizing this function with respect to N . The function ) , ( Second, the given model does not allow investigating the "viscosity effect" in droplet nucleation [17] , since it results in differential growth equations of the first order, whereas a second-order differential equation for an unstable variable is required for studying this effect. Third, this model is not universal for nucleation generally. For example, knowledge of the probabilities ) (+ i w and ) (− i w is insufficient to describe the nucleation kinetics of vapor bubbles in a liquid. These probabilities determine the amount of vapor in the bubble, however, the bubble volume (unstable variable) can vary independently of the presence of vapor in it (in some limiting case, the vapor can be neglected at all [4] ).
All these shortcomings are overcome, when the macroscopic approach is used, i.e. the approach based on macroscopic equations of motion of a nucleus in the space } { i X , Eq. (3) . Composition x as a natural thermodynamic variable (the chemical potential depends on it) is one of the variables } { i X ; it is shown below that the matrix H has a diagonal form in this case, differently from the case, when the variables ) , ( κ ), the direction of the flux of droplets and their steady state distribution function. New advantages appear in the macroscopic approach as well, in particular, ease of studying the nonisothermal effect in nucleation [16, [18] [19] [20] [21] [22] [23] [24] , as was demonstrated in the previous work [17] . In general, the mathematical formalism employed in the macroscopic approach is simpler than in the microscopic one.
This approach was shown to be fruitful both in droplet and bubble nucleation [25, 26] .
Two results of the previous work [17] on droplet nucleation in a single component vapor are employed here. (i) The limiting "high-viscosity" case holds in the ideal gas approximation, so that the differential equation for an unstable variable (the growth equation) is a first-order equation, i.e. equation
and N are respectively the nucleus volume, radius, and number of molecules).
(ii) The diffusion coefficient in a gas is sufficiently large (the estimates are made therein), so that the droplet growth is interface controlled. It was shown that the usual growth of a droplet in pure vapor and the diffusion growth in the presence of an inert background gas lead to the same growth equation. For these reasons, the equation for N & obtained in this work is employed here for each of the species:
where i P 0 is the partial pressure of component i in the vapor; ei P is the equilibrium pressure of component i for the droplet of radius R , temperature T , and composition x ; 0 T is the vapor temperature; 
Thermodynamics of binary droplet formation

Work near the saddle point
The parameters of the vapor consisting of two components are denoted by the subscript 0: the temperature 0 T , the pressure 0 P , and the first component fraction 0 x . The droplet state is characterized by 5 the temperature T , the pressure P , and the first component fraction
be some extensive quantity of the droplet.
Below its specific (per one molecule) quantity
= and the partial specific quantities
are used. As the quantity G , the volume V and the entropy S of the droplet are used here:
The chemical potentials of components in the droplet and in the vapor are ) , , ( The work of forming an embryo in a multicomponent system and its second differential at the saddle point are [25, 27] (8) where i N and i S are the one-sided superficial quantities: the number of i -th species particles and entropy of the cluster, respectively;
From the following equations ( )
Thus the unstable (extensive) variable V is naturally determined by Eq. (9) . Hence, the positive definite quadratic form given by Eq. (11) In order to transform the last addend in Eq. (11), we note that
Further,
The isothermal-isobaric Gibbs-Duhem equation reads:
Then 
If G is Gibbs' free energy, then 
, where P C is the heat capacity of the droplet of composition ) , ( 
It is easy to derive the following identities for the equation of state ) , , ( x T V P P = of a binary solution: With the help of the relation
and Eq. (19a), one obtains from Eqs. (18a) and (18b) (the subscripts j N and x are omitted for brevity)
It is easy to check with the help of Eq. (19a) that the determinant of the matrix of the quadratic form
is identically equal to zero. Thus, allocating a complete square, we have
(we remember that all derivatives are calculated at constant j N and, consequently, at constant N ). Here the transition from P to υ has been done.
In summary, Eq. (9) acquires the form . Thus we have the thermodynamic limit with respect to υ [9] , this variable drops out of consideration (the dimensionality is reduced by unity) and H is 
supersaturation in the system is created by changing 0 (25) where the compositional dependence of the ideal-gas chemical potential, 
. The necessary and sufficient condition for integrability of a Pfaffian equation by one
. The particular case of this condition is 0
i.e. the field is potential. We have
In droplet nucleation, the condition 0 P P L >> * is satisfied; thus, we can assume that i µ does not depend on 0 P and ) ( ) ( (25) can be also attributed to this approximation). So,
Hence, the third component of rotation is also zero. As a result, 0 = F rot and Eq. (26) has the form
Integrating Eq. (26) from the state ( From here, (29) where i A are the activities defined by relation
. For the flat interface, Eq. (29) gives the familiar definition of activities
which is employed for their experimental determination;
is the equilibrium pressure of the i -th species over a large amount of the solution of composition
Eq. (29) is a generalization of Kelvin's equation to solutions. It is important in the above analysis that the variables L P and x are independent, which means that the surface tension does not depend on x .
The case of composition-dependent surface tension
The problem of thermodynamic consistency in the case of a composition-dependent surface tension was discussed in literature in past [28, 29] . Here it is formulated as a problem of integrability of a Pfaffian equation. When the surface tension depends on composition, we have
(σ also may depend on R ) and
Eq. (26) acquires the form
We have the vector field
If the dependence of the surface tension on 0 P is neglected, then the first and second components of F rot are equal to zero; the third component can be transformed as follows: 
Consider the case, when i υ does not depend on x and the compositional dependence of the chemical potentials does not involve pressure (this means that
does not involve L P as a parameter and thereby does not depend on x via ) (x P L ), i.e. the activities do not depend on pressure: So, we have the system of equations 
Application to ideal and regular solutions
In the present report, the approximation with constant i υ and σ is employed as the first step in constructing a self-consistent multivariable theory. This is a good approximation for ideal solutions; some estimates with a composition-dependent surface tension will be made for a regular solution for comparison. As an example of ideal solution, the o-xylene-m-xylene system is used; its parameters are given in Table 1 . As an example of regular solution, the mixture of water with some hypothetical substance is used; the sulfuric acid parameters are employed for this substance (Table 2 ). This does not mean the attempt to describe adequately the properties of the According to the regular solution definition, its excessive volume and entropy (the differences of the values of these quantities for regular and ideal solutions) are equal to zero; the entropy itself is the same as that for an ideal solution, i.e.
where
is the entropy of pure liquid i .
The distinction from ideal solution is only due to the heat of solution, so that the excessive enthalpy and Gibbs' potential (per one molecule) are
where Ω is the characteristic parameter.
It is clear that the parameter Ω must be constant in order to satisfy the regular solution definition. If the dependence ) , ( P T Ω is accepted, then the finite values of υ ∆ and s ∆ are inevitably appear:
This version can be considered as some generalization of the regular solution concept and a more realistic model. However, here the standard definition with constant Ω is employed.
So, the chemical potentials and activities are
[ ]
The case of 0 < ω is considered here (the heat of solution is released); Eq. (38) acquires the form
The 0 P -value corresponding to the pair ) , ( * * R x is obtained from any of Eqs. (37), say, the first: (Fig. 1a) . The dependence is shown in Fig.1b by dashed line. 
Kinetics of binary nucleation
Droplet motion equations in the
The general form of the motion equations in the vicinity of the saddle point is
Equations for the stable variables can be also represented as [25] 
Such a representation allows identifying the characteristic parameters ik λ governing the nucleation kinetics; in particular, as shown below, the kinetic limits are determined just by these parameters.
From comparison, the matrix Z is
The conditions of symmetry of the matrix where
is the partial (differential) heat of mixing;
For both ideal and regular solutions,
Hence,
The integral heat of mixing is where the remaining parameter EE λ is determined. As a result, the matrices Z and Λ are Employing this equality in Eq. (60b), we have
The product 
Eq. (57) with account for Eqs. (60a), (65), and (70) converts to the following one: (61c) for i q is a consequence of Eqs. (4) and (59). The basic model of nucleus formation developed in
Ref. [25] and resulting in Eqs. (8) and (9) implies that both the temperature 0 T and the pressure 0 P of the parent phase remain constant at the nucleus formation and evolution. We see that the mentioned terms between the basic model and resulting equations. All these facts also speak in favor of the selfconsistency of the theory.
Reformulation of the theory in the
The aim of this Section is to show the consistency of the theory with the usually used approach in the ) , , ( 
From these equations, one follows 
Thus, the matrix is not diagonal, which reflects the physical equivalence of the variables 1 N and 2 N .
From Eqs. (60a) and (60b) one obtains
These equations are employed for computing the matrix ) , , ( ,
The symmetry conditions of the matrix 
It is not difficult to get 
The general form of the matrix ) , , ( 
Kinetic limits
The negative eigenvalue 1 κ of the matrix Z is a solution of equation
are the main minors of the matrix Z .
We have
The Fig. 2 . It is close to the dependence ) (
-theory despite the fact that xx λ is not much greater than the other terms in Z Sp ; it is seen from Table 1 ) (
The quantities In our case, the matrix H , Eq. (24) ) which is known from the differential geometry Euler's formula for the normal section curvature.
So, expansion of a multivariable work in the direction e yields one-dimensional Eq. (106), where the quantity ) ( 11 e h′ , the nucleation barrier curvature given by Euler's formula, generalizes the usual second derivative of the one-dimensional theory. to lower compositions is observed in Fig. 4 , which corresponds to the enrichment of droplets by the second species in the steady state; the absolute value of this enrichment is shown in Fig. 6 as a [17] . The relation between x ∆ and T ∆ is shown graphically in Fig. 7 .
Distribution functions
The same quantities, x ∆ and T ∆ , for the 
Summary and conclusions
The ; the mean steady-state enrichment is constant in the same interval. This result allows using the isothermal theory for studying the nucleation kinetics in the given system with more realistic models. Fig.1. (a) Cubic-spline dependence of the 
